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Abstract

We propose the Hermite representation for de-
formable contour �nding. This representation com-
pares favorably in terms of versatility and contro-
lability with other local contour representations that
have been used previously for this purpose. The Her-
mite representation allows a compact representation
of curved shapes, without the smoothing out of cor-
ners. It is also well suited for both interactive and
tracking applications.

The Hermite representation is used to formulate
the contour �nding problem as an optimization prob-
lem using a maximum a posteriori energy crite-
rion. Optimization is performed by dynamic pro-
gramming. Our approach to contour tracking decou-
ples the e�ects of transformation and deformation,
using a template matching strategy to robustly ac-
count for the transformation e�ect. We demonstrate
these ideas on a variety of images from di�erent do-
mains.

1 Introduction

Image segmentation by boundary �nding is one of
the central problems in computer vision. This is be-
cause amongst features that can be used to distin-
guish objects from their backgrounds, such as color
and texture, shape is usually the most powerful. For
detecting instances of objects with �xed and known
shape, the Hough-transform or a template matching
technique is well suited (see [3]). For cases where
there exists some 
exibility in the object shape (ei-
ther w.r.t. a previous frame in a tracking application,
or w.r.t. a user supplied shape in an interactive ob-
ject delineation setting) deformable contour models
have found widespread use.

Deformable contours (also called active contour
models, or "snakes") are energy-minimizing models
for which the minima represent solutions to contour
segmentation problems. They can overcome prob-
lems of traditional bottom-up segmentation meth-
ods, such as edge gaps and spurious edges, by the
use of an energy function that contains shape infor-
mation in addition to terms determined by image fea-
tures. The additional shape information can be seen
as a regularization term in the �tting process. Once
placed in image space, the contour deforms to �nd
the most salient contour in its neighborhood, under
the in
uence of the generated potential �eld.

An extensive amount of work has been reported on
deformable contours since their emergence in the late

eighties; among others [1], [4]-[6], [8]-[12], [14]-[16]. A
useful way to characterize the di�erent approaches is
along the following dimensions:

� contour representation

� energy formulation (internal and external)

� contour propagation mechanism (spatial and
temporal)

We review the various contour representations that
have been used in Section 2. A new local represen-
tation is proposed for the deformable contour frame-
work, based on Hermite interpolating cubics, see Sec-
tion 3. Its use has several advantages, as will be-
come apparent. The main plus is that it handles
both smooth and polygonal curves naturally.

We formulate the solution to the contour �nding
problem by a maximum a posteriori (MAP) crite-
rion. This leads to an internal energy formulation
which contains squared terms of deviations from the
expected Hermite parameter values. The external
energy terms describe the typical image gradient cor-
relations. See Section 4.1. The resulting energy
minimization is performed by dynamic programming
which gives the optimal solution to contour �nding
for a certain search region, see Section 4.2.

One of the well-known limitations of deformable
contours is that their initial placement has to be
close to the desired object boundary in order to
converge. In tracking applications, this assumption
might be violated. To keep the problem computa-
tionally tractable, we propose to decouple the e�ects
of transformation and deformation, see Section 4.3.

Experiments on a variety of images are presented
in Section 5, after which we conclude in Section 6.

2 Contour Representations - A
Review

Contour representations can be roughly divided into
two classes, depending on whether they are global or
local. Global representations are those where changes
in one shape parameter a�ect the entire contour, and
conversely, local change of the contour shape a�ects
all parameters. These representations are typically
compact, describing shape in terms of only a few pa-
rameters. This is an advantage in a recognition con-
text, i.e. when trying to recover these parameters
from images, because of lower complexity. A useful
class of shapes easily modeled by a few global param-
eters are the super-quadrics [15], which are general-



izations of ellipses that include a degree of "square-
ness". To these shapes, one can add global deforma-
tions, such as tapering, twisting and bending [2]. A
more general global representation is the Fourier rep-
resentation [14]. It expresses a parametrized contour
in terms of a number of orthonormal (sinusoidal) ba-
sis functions. Arbitrary contours can be represented
in any detail desired, given a su�cient number of
basis functions.

Local representations control shape locally by var-
ious parameters. This 
exibility makes local repre-
sentations well suited in a shape reconstruction con-
text, as is the case when deforming a contour to �t
image data. The simplest contour representation is
an ordered list of data points. More compact rep-
resentations describe contours in terms of piecewise
polynomials. Each segment of the parametrized con-
tour (xi(t); yi(t)) is described by a polynomial in t.
The lowest-degree interpolating polynomial is of de-
gree one, leading to a contour representation by poly-
lines and polygons. More 
exibility is possible by
the use of higher order polynomials, generally cubic
polynomials; they are the lowest degree polynomials
for which derivatives at the endpoints can be speci-
�ed. Higher order polynomials tend to bounce back
and forth in less controlable fashion and therefore are
used less frequently for interpolation purposes.

Natural cubic splines are piecewise third degree
polynomials which interpolate control points with
C0, C1 and C2 continuity. The natural cubic spline
parameters depend on all control points, which makes
it a global representation. B-splines on the other
hand, have a local representation, where contour
segments depend only on a few neighboring control
points. This comes at a price of not interpolating
the control points. The same C0, C1 and C2 conti-
nuity as natural splines is now achieved at the join
points of connecting segments. By replicating con-
trol points, one can force the B-spline to interpolate
the control points. A last interesting property is that
the B-spline can be speci�ed such that it performs a
least-squares �t on the available data points.

In previous work, three local representations have
been used for deformable contour �nding: point rep-
resentations, polygonal chains and uniform B-splines.
These representations have the following disadvan-
tages when used for the contour �nding task.

Manipulating contours on the �ne scale o�ered by
pixel-by-pixel representations leads typically to high
computational cost (for example, note the high com-
plexity incurred in [8]). The incorporation of a-priori
shape information in this featureless representation
is di�cult. If, on the other hand, a contour is repre-
sented by a few (feature) points, and contour �nding
only considers image data in the local neighborhood
of these points, no use is made of data at interme-
diate locations which makes the approach prone to
image noise.

The polygonal chain representation [6] overcomes
some of these problems. However, it is not well suited
to represent curved objects well, requiring many con-
trol points to be adequate. In an interactive object

delineation setting, this is tedious. For tracking ap-
plications, the placement of control points close to
each other, typical also of point representations, leads
to stability problems. This is because for most con-
tour �nding approaches using local representations,
a-priori shape information is encoded for each con-
trol point w.r.t. to its neighboring control points
(i.e. curvature [9][12] [16], a�ne coordinates [10]).
If control points are close together, small deviations
due to image noise or contour propagation will result
in large changes of local shape properties.

B-splines present an e�cient and natural way to
represent smoothly curved objects. For objects with
sharp corners they are less suited; the C2 continu-
ity smooths out any regions of high curvature of a
contour. The fact that B-splines do not interpolate
the control points can be considered a drawback in
an interactive object delineation setting (think of a
physician pointing to speci�c locations in medical im-
ages). The before mentioned use of control point du-
plication can take care of this, but then straight line
segments appear around the newly C0 continuous
control point. Without user intervention, when to
duplicate control points becomes a di�cult decision;
for example, Menet [11] duplicates control points in
regions where after M steps of contour deformation,
the curvature is higher than a user-supplied threshold
�.

3 The Hermite Representation

The previous considerations lead us to propose the
Hermite representation for deformable contour �nd-
ing. Hermite contours are piecewise cubic polynomi-
als, which interpolate the control points p0; :::;pN.
In each interval, the Hermite cubic Q(s; t) =
[x(s; t) y(s; t)] is speci�ed by the positions pi�1, pi
and tangent vectors �+

i�1
, ��
i

at the endpoints.

Let Q be an arbitrary cubic polynomial

Q = T �C (1)

where

T = [t3 t2 t1 1] C =

2
64

ax ay
bx by
cx cy
dx dy

3
75

with tangent vector Q0(t)

Q
0 = T

0 �C = [3t2 2t 1 0] � C (2)

Given hermite parameter matrix

Hi = [hix
hiy

] = [pi�1 pi �
+

i�1
�
�

i
]
T

(3)

the corresponding Hermite coe�cient matrix CH
i

can be derived as [7]

CHi
=

2
64

2 �2 1 1
�3 3 �2 �1
0 0 1 0
1 0 0 0

3
75 �Hi



We collect all the hermite parameters in state vec-
tor H for later use

H =

2
66666664

�
�

0
p0
�+
0
:::

�
�

N
pN
�+
N

3
77777775

(4)

When considering the same criteria of usefulness
for the contour �nding problem as discussed in previ-
ous section for the point-, polygon- and spline-based
representations, we note that the Hermite represen-
tation

� can e�ciently represent both smooth and sharp
contours. This is because smooth contours are
well represented by the Hermite interpolating
cubics, while at the same time, arbitrary sharp
corners can be easily generated at the control
points by the adjustment of the left and right
tangent vector parameters

� interpolates the control points

� is explicit in those features that can be measured
from image data: position and direction of gra-
dient at control points. This allows to prune the
search space during contour �nding, as we will
see in next section.

4 Contour Detection

4.1 MAP formulation

A maximum a posteriori (MAP) criterion is formu-
lated for the solution of the contour �nding prob-
lem. The aim is to �nd from all possible contours
the contour which matches the image data best, in a
probabilistic sense. Let d(x;y) be the original nor-
malized image and tH(x; y) be the image template
corresponding to the Hermite parameters H. We
want to �nd HMAP which maximizes the proba-
bility that tH occurs given d, e.g. P (tHMAP

jd).
tHMAP

is then the maximum a posteriori solution

to the problem. Bayes rule gives

P (tHMAP
jd) = max

H
P (tHjd)

= max
H

P (djtH) P (tH)

P (d)
(5)

where P (djtH) is the conditional probability of the
image given the template, and P (tH) and P (d) are
the prior probabilities for template and image, re-
spectively. Taking the natural logarithm on both
sides of eq.(5) and discounting P (d), which does not
depend on H, leads to an equivalent problem of max-
imizing objective function U

U(tHMAP
;d) = max

H
U(tH;d)

= max
H

(lnP (tH) + lnP (djtH))

(6)

The above equation describes the trade-o� be-
tween a-priori and image-derived information.

If the image is considered as a noise corrupted tem-
plate with a additive and independent noise that is
zero-mean Gaussian, we have P (djtH) = P (djtH +
n) = P (njd� tH), thus

P (djtH) =
Y

t
H

(x;y)

1p
2��n

e
�

(d(x;y)�tH (x;y))2

2�2n (7)

and

ln P (djtH) = constant+
X

t
H

(x;y)

(d(x; y)� tH(x;y))
2

2�2i

(8)

This last term can be replaced by correlation term
d � tH, approximating jjdjj and jjtHjj by constants.
For jjdjj= 1 and jjtHjj = 1 we obtain

max
H

ln P (djtH) � min
H

(1�d�tH) = min
H

Eext

(9)
A similar derivation was described by Rosenfeld and
Kak [13] and Staib and Duncan [14].

We model the prior probability for a Hermite con-
tour H as

P (H) = P (HjH) = constant �
Y
i

e
�

(H[i]�H[i])
2

2�2
i

(10)
where H represents an expected contour. H is typi-
cally obtained as the sample mean of contours gener-
ated in a training phase, or as the contour obtained
by prediction during tracking. �i acts as a weighing
measure for the various dimensions. In case of an
open contour, we set the �'s of ��0 and �

+
N equal to

in�nity.

In tracking applications the contour typically un-
dergoes a tranformation T (for example, translation,
rotation and scale) for which one does not want to pe-
nalize. The above modeling assumes that any trans-
formation on the contour which one does not want to
penalize has already been performed, before eq.(10)
is applied. Any further contour change is considered
as deformation from an expected contour and thus
penalized.

Taking the natural logarithm gives

max
H

lnP (tH) = min
H

X
i

(H[i]�H[i])
2

2�2i
= min

H
Eint

(11)

4.2 Dynamic Programming

There are many ways to solve the resulting minimiza-
tion problem

min
H

E = min
H

(Eint +Eext): (12)

Variational calculus methods have been used exten-
sively for continuous parameter spaces where deriva-
tive information is available [5] [9] [11] [12] [14] [15].



For discrete search spaces one possibility is to use
A.I. search techniques (e.g. best-�rst, simulated an-
nealing, genetic algorithms). We will use a discrete
enumeration technique based on dynamic program-
ming (DP) which was popularized by Amini et al. [1],
and used since by [8] [10]. The advantages of dynamic
programming w.r.t. variational calculus methods are
in terms of stability, optimality and the possibility
to enforce hard constraints [1]. For dynamic pro-
gramming to be e�cient compared to the exhaustive
enumeration of the possible solutions, the decision
process should be Markovian. This is typically the
case if the a priori-shape component Eint contains a
summation of terms which only depend on parame-
ters which can be derived locally along the contour.

For the case of open contours, our objective func-
tion can be written as

E = E1(p0; �
+

0 ; �
�

1 ;p1) + ::: +

EN (pN�1; �
+

N�1; �
�

N;pN) (13)

Applying the dynamic programming technique to
our formulation involves generating a sequence of
functions of two variables, si with i = 0::N � 1,
where for each si a minimization is performed is over
two dimensions. si are the optimal value functions
de�ned by

s0(�
�

1 ;p1) = min
p0;�

+

0

E1(p0; �
+

0 ; �
�

1 ;p1)

si(�
�

i+1
;pi+1) = min

pi;�
+

i

(si�1(pi; �
+

i
) +

Ei(pi; �
+

i
; �

�

i+1
;pi+1) )

i = 1 :: N � 1 (14)

If pi and ��
i

(�+
i
) range over NP and NT values

at each index i, the complexity of the proposed algo-
rithm is O(NN2

PN
2
T ).

The above formulation is for open contours. For
closed contours, where the �rst and last control point
are de�ned equal, we apply the same algorithm as for
the open contour case, yet repeat it for all NP pos-
sible locations of the �rst (last) control point, while
keeping track of the best solution. The complexity
increases to O(NN3

PN
2
T ).

Speed-up can be achieved by a multi-scale ap-
proach. Here contour �nding is �rst done on a lower
resolution image to �nd an approximated contour.
This can be done with a coarse discretization of the
parameter space (i.e. requiring smaller NP and NT

for the same parameter range). At the �ner level,
the originally desired discretization can be achieved
by decreasing the parameter range to lie around the
solution found at the coarse level.

At the same scale, the algorithm can be sped up by
discounting unprobable control point locations before
starting the DP search. A measure of \unprobabil-
ity" can be speci�ed in terms of weak image gradient
strength or dot product between measured and ex-
pected gradient directions (the latter are explicit in

the Hermite representation). If all the candidate con-
trol point locations are rated similarly (e.g. standard
deviation of ratings below a threshold), it is more ro-
bust to consider all.

In addition, for closed contours, one can use only a
single pass DP for closed contour and to optimize for
the remaining E0(pN; �+

N
; ��
0
;p0) while assigning to

p0 and pN the optimal values found for the open
contour case. Of coarse, all these speed-up proce-
dures loose the optimality property of DP. Neverthe-
less, the last two methods which were implemented
performed satisfactory in practice.

4.3 Contour Tracking

The high computational cost of dynamic program-
ming, and of other search methods which do not get
stuck in the closest local minimum, makes search only
feasible in a limited neighborhood. For interactive
contour delineation this is �ne, since the user is likely
to place well-positioned control points, very close to
the desired contour. In tracking applications this re-
quirement is often unrealistic. On the other hand, it
is our observation that the e�ects of deformation are
often small from frame to frame once rigid motion is
accounted for.

We therefore decouple the e�ects of motion and
deformation on the contour, searching �rst for trans-
formation parameters T = [t; �; s] with t, � and s de-
noting translation, rotation and scaling. T is found
w.r.t. the undeformed contour, after which search
continues for the deformation parameters. The �rst
stage is robustly performed by template matching
(or Hough Transform [10]) on a Gaussian-blurred
gradient image. The second stage is the DP ap-
proach described earlier. Both stages use motion
prediction methods; template matching at time t+1
searches in a parameter range centered around pre-
dicted transformation T (t+ 1) using predicted tem-
plate H(t+ 1). H(t+ 1) is also the initial contour
of DP search.

For simplicity, we currently use T (t + 1) = T (t)

and H(t + 1) = H(t). More general, T (t + 1) =
p(t+1) where p is a best �tting n-th order polynomial
at (t-M, T(t-M)) ..., (t-1, t). Similar consideration
holds for H(t+ 1). If the time-span M in which a
n-th order model holds is large it is e�cient to use a
recursive predictor such as the Kalman �lter.

5 Experiments

We have performed experiments with the proposed
combination of Hermite representation and template-
plus-DP search in both interactive as tracking set-
tings. The associated template matching parameters
were range and discretization of the transformation
parameters (translation, rotation and scale). DP-
related parameters included the initial values of the
Hermite parameters, their range and discretization,
as well as the weighing parameters. The locations
considered around control point pi lied on a rectan-
gular grid with x-axis perpendicular to pi+1�pi�1.



The Hermite gradients �i were described in terms of
length li and direction �i. Typically, N = 5, NP = 9
(NP = 4 after pruning), Nl = 3, N� = 9.

Figure 1 demonstrates versatility of the Hermite
representation. Di�erent initial contours are placed
by the user as shown in Figure 1a. Figure 1b shows
the search region covered by DP for the initial con-
trol point placement; for each contour segment the
Hermite cubics are shown corresponding to (�imax ,
�i+1max ) and (�imin , �i+1min ) for �xed (initial) con-
trol point locations and l = lmax. Many di�erent
Hermite contours which lie within this search re-
gion are not displayed. Figure 1c shows the result
of contour �nding by DP. One observes a wide va-
riety of shapes that have been accurately described
by the Hermite representations, from the smoothly
varying contour of the mug rim to the sharp corners
of the square pattern, with a curved horizontal seg-
ment joining at the corner. It compares favorably
with a possible representation by polygonal chains,
splines or Fourier descriptors.

For completeness, we also show in Figure 1d the
conditioned Sobel gradient image, which is used by
the DP algorithm. We use a conditioned image in-
stead of the original Sobel image in order to amplify
weak but probable edges. This is done based on local
considerations, taking into account mean � and stan-
dard deviation � in a n� n neighborhood. A linear
remapping is applied on the image data at (x; y) if �
is greater than a user speci�ed threshold.

Figure 2 shows di�erent instances of initial place-
ment and contour detections on a MR image of the
human brain. Finally, Figure 3 shows a tracking se-
quence of a head using the proposed combination of
coarse-scale template matching and DP.

6 Conclusion

We have advocated the use of the Hermite repre-
sentation for deformable contour �nding. It was
shown to have advantages over point-, polygonal- and
spline-based representations in terms of versatility,
stability and controlability. A decoupled approach
to contour tracking was proposed based on template
matching on a coarse scale to account for motion ef-
fects, and a DP formulation on a �ner scale to ac-
count for the deformation e�ects.
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(a) (b) (c) (d)

Figure 1: Mug image (a) contour initialization (b) search region (c) contour detection (d) conditioned Sobel
image

(a) (b)

Figure 2: Brain MR image (a) contour initialization (b) contour detection

Figure 3: A tracking sequence of a head (t = 0, 8, 24, 30)


